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A new mathematial model for moleular dynamis 1:
Moleular basis of memory
C. K. Raju
Inmante, National Highway 24, Dasna Crossing, Ghaziabad, 201 009, Delhi NCR, India
∗
Proteins have been empirially linked to memory. If memory relates to protein struture, then eah
onformation would funtionally ode only one bit, making it diult to explain large memories.
Nor is there a simple way to relate memory to protein dynamis on urrent moleular dynamis
(MD), whih is memoryless. Here we point out that MD may be modied to involve memory
ab initio without any new hypothesis: simply replae the eletrostati (Coulomb) fore by the
eletrodynami forewhih is more aurate. We now need to solve funtional dierential equations
(FDEs), instead of the ordinary dierential equations (ODEs) urrently solved in MD. Unlike ODEs,
retarded FDEs are history-dependent: so memory is already present even at the level of interating
sites within moleules. The resulting inrease in omputational omplexity is within the reah of
urrent omputers. While Amdahl's law does pose a hallenge to parallelised time-stepping with
this model, the ompute-intensive partthe fore alulationmay still be arried out in parallel.
Thus, reformulating MD to use FDEs is feasible, and this ould help to understand the possible
dynamial basis of memory.
PACS numbers: 87.15.ap, 87.15.hg, 87.15.hm, 02.30.Ks, 87.10.Ed, 31.15.xv
Keywords: memory, protein folding, moleular dynamis, many-body problem, fun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I. INTRODUCTION
The funtioning of biologial maromoleules is linked
to their struture and dynamis. The determination of
struture through X-ray rystallography and NMR is ex-
pensive, and these tehniques provide no information
about the dynamis of protein folding and protein inter-
ation. Moleular dynamis (MD) simulations are typi-
ally used for this purpose [1℄, and many omputer pro-
grams have been developed for MD, suh as amber [2℄,
harmm [3℄, gromos [4℄, and namd [5℄.
Two key problems are (a) to determine the onfor-
mational struture(s) of protein moleules given the se-
quene of amino aids, and (b) to determine the dy-
namis of the folding proess. The rst problem is usu-
ally studied by minimizing the free energy. Solving the
Shrödinger equation for something as omplex as the
olletion of partiles onstituting a protein moleule is
too far beyond existing omputational apabilities, so
the seond problem has long been studied by solving the
Newtonian equations of motion for a presribed fore eld
involving van der Waals and eletrostati fores.
Some features however seem hard to understand with
this approah. First there is the lassi Levinthal's para-
dox: the onformational spae to be explored is very vast
in relation to the atual folding times that are observed.
It has been hypothesised that this is beause the energy
landsape has a funneled harater. While some attempts
have been made to derive the funneled landsape from
∗
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moleular dynamis, none of these is onvining. This
hypothetial landsape is made more omplex by possible
multiple minima, evidene for whih omes from prions.
It is even harder to understand how long-term mem-
ory formation in biologial organisms links to protein
moleules. Empirial studies have suggested that the for-
mation of memory orrelates with the formation of pro-
tein moleules, and preventing protein moleules from
forming impairs formation of long-term memories. But
if a protein moleule an exist in only a few stable on-
formations, then a large amount of funtionally useful
information annot be stored in its struture, for eah
onformation orresponds to just one piee of funtional
information, irrespetive of how that form was reahed.
1
Given the short folding times of protein moleules, the
transitional state surely annot be the seat of long-term
memory. So, if protein moleules store memory stru-
turally, then multibit information would require multi-
ple onformationsto store memory on the sale of bio-
logial organisms, a very large number of onformations
would need to be assoiated with eah protein moleule.
If protein moleules do indeed admit suh a large num-
ber of stable onformations, then we are bak to a situa-
tion reminisent of Levinthal's paradox, and we need to
suppose that the energy landsape has a funnel with nu-
merous minima or perhaps a multi-funnel landsape [8℄.
Instead of thus aumulating hypotheses it seems better
to look for a simpler solution.
On the other hand, it is not immediately lear how
memory an be present in the dynamis of protein in-
1
There have been other, unrelated attempts to limit how muh
information a protein moleule an store, as in [6, 7℄.
2terations either. Thus, MD simulations urrently solve
Newtonian equations of motion whih are ordinary dif-
ferential equations (ODEs). The solution of a system
of ODEs is uniquely determined by the initial data (or
data at any one instant of time), irrespetive of past
history. Thus, the time evolution of a system modeled
by ODEs must be memoryless or history-independent.
Hene, urrent MD, whih involves memoryless dynam-
is, annot readily explain memory-dependent moleular
interations in a simple way. It is possible, of ourse,
that, as in artiial neural networks, memory is holisti
and intrinsially beyond the reah of MD whih is redu-
tionist.
Before onluding that a simple explanation for mem-
ory is intrinsially beyond the reah of moleular dynam-
is, it seems worthwhile to explore a more sophistiated
mathematial model for MD whih admits memory ab
initio. The suggestion to explore suh a model is not in-
tended to exlude more holisti models of memory, but
to omplement them. Now, given the vast amount of
experimental data that is urrently available, it is not
diult to invent a variety of ad ho mathematial mod-
els whih will t some of it. However, that would go
against the spirit of MD whih has the great theoretial
virtue that it proeeds diretly from established physis,
without invoking fresh hypotheses, exept as simplifying
assumptions.
The modied model for MD, that we propose, needs no
additional hypothesis. If existing physis is orretly ap-
plied, the eletrodynami interation between two mov-
ing eletrial harges is history dependent, hene already
involves memory. If this feature is inorporated into
moleular dynamis at the outset, it may help to un-
derstand how protein moleules relate to memory.
The argument, in outline, is very simple. Currently,
the eletrostati (or Coulomb) potential is used in MD
for long-range fores. However, the interating sites are
usually in motion so the Coulomb fore is only an ap-
proximation to the full eletrodynami fore. If one uses
the full eletrodynami fore, the equations to be solved
are funtional dierential equations (FDEs) [9℄. Unlike
ODEs the solution of these FDEs annot be uniquely de-
termined merely by initial data. Assuming these FDEs
to be retarded, one must presribe some part of the past
history [9, 10, 11℄. So some rudimentary memory is al-
ready present at the level of the onstituents.
In the ase of two interating elementary harges, a
proton and eletron, in a hydrogen atom, say, the system
memory or the exat time interval over whih past data is
required is tiny, being of the order of a dei femto seond.
However, even in this ase the dierene between FDEs
and ODEs is signiant sine solutions of retarded FDEs
may exhibit qualitative behaviour that is impossible for
solutions of ODEs.
Further, the system memory, or the time period over
whih the past history of the system must be speied,
inreases with the number of interating partiles and the
sale of the system. Thus, we have a simple reason to ex-
pet more omplex moleules and olletions of moleules
to exhibit longer-term memory. With urrently available
omputational resoures, omputing solutions of FDEs
for suh large olletions may be ontemplated.
This argument is elaborated below.
II. EXISTING AND PROPOSED MOLECULAR
DYNAMICS
A wide variety of fore elds have been used in moleular
dynami simulations of biologial maromoleules [12℄.
These fore elds are typially derived from a potential
represented as a sum over bonded and non-bonded pairs
[13℄. The interation potential V nbij between non-bonded
pairs is represented as a sum of a short-range van der
Waals potential (usually a 126 Lennard-Jones potential)
and the long-range eletrostati (Coulomb) potential:
V nbij =
(
A
r12ij
−
)
+
qiqj
4πǫrij
(1)
Here, A and C are onstants, qi and qj are harges, while
rij is the distane between them.
Our onern here is with the seond (eletrostati)
term, on the right hand side of (1). No one earlier seems
to have questioned the validity of using the Coulomb
potentialwhih is used aross various fore elds in a
variety of omputer programs like amber [2℄, harmm
[3℄, gromos [4℄, namd [5℄, et. urrently used for MD
simulations.
However, it is elementary that the Coulomb poten-
tial applies only to stati harges, whereas in moleu-
lar dynamis the interating harges are in relative mo-
tion. In the eletrodynami ase, with moving harges,
the fore Fij on harge i due to harge j is atually ob-
tained not from the Coulomb potential but from the (re-
tarded) Lienard-Wiehert potential and the Heaviside-
Lorentz fore law (usually alled just the Lorentz law),
to give [14℄:
Fij =
qiqj
4πǫ0
R
(R · u)3
{[
(c2 − v2)u+R× (u× a)
]
(2)
+
vi
c
×
[
Rˆ× [(c2 − v2)u+R× (u× a)]
]}
.
Here, harge qi is loated at ri(t) at time t, while the
position of the other harge qj at time t is given by rj(t),
R = ri(t)− rj(tr), and R is its norm. In the preeding
expression, tr is the retarded time (the time at whih the
bakward null one with vertex at ri(t) meets the world
line rj(t) of the other harge), and is given impliitly by
the equation ||ri(t)−rj(tr)|| = c(t−tr), with ||·|| denoting
the 3-vetor norm, and c being the speed of light. Further
(with dots denoting time derivatives), vi = r˙i(t), u =
cR
R
− v = cRˆ − v, and it is understood that v = r˙j(tr)
and a = r¨j(tr) are the veloity and aeleration of the
3harge qj at the retarded time tr. A similar expression
gives the fore Fji exerted on the harge qj by the harge
qi. Unlike the eletrostati ase, Fji 6= Fij , in general.
(Relativisti veloity eets are here ignored as irrelevant
to moleular dynamis, although the onlusions apply a
fortiori to the relativisti ase.)
The approximation of the full eletrodynami fore (3)
based on the Lienard-Wiehert potentials, by the sim-
pler eletrostati fore based on the Coulomb potential
(1) has a long history, going bak to the days of the
Rutherford model, and the Bohr atom. The general
expetation among physiists has been that the use of
the eletrostati fore greatly simplies alulations, and
would not upset any key qualitative onlusion. Though
long-standing, and widespread, this expetation is math-
ematially inorret, and has never been atually tested.
Testing would require that one obtain the atual solu-
tion of at least the 2-partile equations with the full
eletrodynami fore (3), and hek whether it is ap-
proximately the same as the solution obtained with the
eletrostati inverse square law fore. Prior to the ad-
vent of high-speed omputers, doing this was well-nigh
impossible: the one-partile ase [15℄ being ompliated
enough, despite various attempts in the previous entury
[16, 17, 18, 19, 20, 21, 22℄, no atual solutions of the 2-
partile equations with the full eletrodynami fore were
published, exept [23℄ in oversimplied situations of little
pratial interest.
The use of the full eletrodynami fore (3) makes a
fundamental mathematial dierene, for it leads to the
formulation of the n-body problem (n ≥ 2) as a system
of FDEs.
III. FDES VS OTHER METHODS
To see how FDEs dier fundamentally from ODEs,
onsider, for example, the simple FDE
dx
dt
= x(t −
π
2
). (3)
It is easy to verify that both cos t and sin t are solutions
of (3). Sine the equation is linear, a cos t + b sin t is
a solution of (3) for arbitrary onstants a, b, and it is
lear that the values of both onstants a and b annot
be determined by a single initial ondition x(0) = x0,
say. The situation is shown in Fig. 1: there is an innity
of non-unique solutions if we presribe the state of the
system at only one instant of time. To obtain a unique
solution one must speify the past history of the system.
A system modeled by FDEs, in eet, has memory.
For the interation of a proton and an eletron within
the lassial hydrogen atom, the time interval over whih
past history must be presribed is quite small. However,
FDE exhibit qualitatively novel features, suh as time
asymmetry, and breakdown of phase ow as illustrated
in Fig. 2. These novel features are, in priniple, math-
ematially impossible for solutions of ODEs. Therefore,
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FIG. 1: Insuieny of initial data. The gure shows
three dierent solutions of a retarded FDE x˙(t) = x(t − 1),
orresponding to three dierent past histories (presribed for
t ≤ 0). All solutions have the same initial data (x(0)). The
solution of a retarded FDE annot be determined uniquely
merely by presribing initial data.
regardless of the smallness of the time interval over whih
past history must be presribed, we an expet qualita-
tively new features to emerge from the appliation of this
new model to moleular dynamis.
It is possible to oneptualise the eletrodynami n
body problem in an alternative way, using elds. Sine
this has often been done in the past, we larify how
the eld piture relates to our approah. To determine
the eld ating on a given partile, we must determine
the total eld generated by all other partiles. To do
this, it is neessary to solve Maxwell's equations. To
solve these partial dierential equations (PDEs), it is
neessary to provide initial (Cauhy) data by presrib-
ing the eletromagneti eld over all spae at one instant
of time (i.e., over a Cauhy hypersurfae). Assuming re-
tarded Lienard-Wiehert potentials, the eletromagneti
eld due to a system of n-partiles, at any instant of time,
depends upon the past motions of those partiles [24℄.
Hene, presribing this Cauhy data requires a knowl-
edge of the entire past history of the positions, veloities,
4-1
-0.5
0
0.5
1
-1 -0.5 0 0.5 1 1.5 2
Solution 1
Solution 2
Solution 3
FIG. 2: History Dependene of FDEs. The gure shows
three dierent solutions of a retarded FDE x˙(t) = b(t)x(t−1),
for a suitable hoie of the funtion b(t), as desribed in [9℄.
Three dierent past histories presribed for t ≤ 0 lead to
three dierent solutions all of whih oinide for t ≥ 1. Suh
a phase ollapse is impossible with ODEs where trajetories
in phase spae an never interset. Beause of this phase
ollapse. retarded FDEs, unlike ODEs, annot, in general, be
solved bakward, from presribed future data.
and aelerations of the n partiles produing the elds
(Fig. 3).
The eld piture, therefore, only hides the dependene
on the past, made expliit in the partile piture. In the
eld approah to the eletrodynami n-body problem, we
are required to solve a oupled system of ordinary and
partial dierential equations (PDEs). To determine the
motion of one partile, we need to solve the Newtonian
ODEs with the Heaviside-Lorentz fore due to the elds
generated by other partiles. Those elds are determined
from partile motions using Maxwell's equations. Com-
pared to this oupled system of ODEs + PDEs in the
eld piture, it is, urrently, omputationally more on-
venient to solve the FDEs of the partile piture for rea-
sons already disussed elsewhere in detail in [24℄. Whih
omputational tehnique is used to solve the equations is
not, of ourse, relevant to the model of memory that is
being proposed here.
IV. THE DIFFERENCE
To asertain the exat dierene made by the use of
the full eletrodynami fore in plae of the eletrostati
fore, we have omputed [24℄ the rst numerial solutions
of the retarded FDEs of the 2-body problem, in a realis-
ti physial ontext, using the full eletrodynami fore,
but negleting radiation damping. In the ase of the
lassial hydrogen atom, the solution with the full ele-
trodynami fore (but without radiative damping) diers
from the Coulomb orbit, presribed as past data. This
is summarily shown in Fig. 4. The dierene relates to
an unexpeted `delay torque' [24℄ whih arises beause
the full eletrodynami fore depends upon the past mo-
x
xa xb
FIG. 3: Relation of FDE method to ODE+PDE
method. Assuming only two partiles and retarded propaga-
tors, the eletromagneti elds at any point x on a Cauhy hy-
persurfae relate to past partile motions at points xa and xb,
where the bakward null one with vertex at xmeets the world
lines of the two partiles a and b. As x runs over the hyper-
surfae, the points xa and xb will, in general, over the entire
past world-lines of the two partiles. Thus, for solutions of the
2-body problem, the eld piture and the PDE+ODEmethod
requests more information about the past than is pratially
needed by the partile piture and the FDE method.
tion of the other partile. It is impossible for any entral
fore (like the eletrostati fore) to have suh a torque.
Thus, the eletrodynami interation of two harged par-
tiles involves omplexities that annot be aptured by
the simple Coulomb potential.
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FIG. 4: Dierene between FDE and ODE solution for
the 2-partile problem. For the ase of the lassial hydro-
gen atom, the gure plots the time evolution of the dierene
between the eletron orbit with the full eletrodynami fore
and its orbit on the Coulomb fore. The zero dierene part
orresponds to the past history, presribed using the Coulomb
orbit.
This suggests that a far riher variety of behaviour
an be modeled if the MD fore eld is reformulated by
replaing the eletrostati fore in (1) by the full eletro-
dynami fore (2).
What are the omputational osts of solving FDEs, in-
5stead of the usual ODEs? Stiness onsiderations an be
set aside sine they apply equally to FDEs and ODEs.
The relative inrease in omplexity omes from the al-
ulation of the eletrodynami fore (2) instead of the
Coulomb fore in (1). However, one the retarded time
tr is known, this only adds a onstant number of oating
point operations per pair of interating sites.
Thus, the basi inrease in omplexity omes from hav-
ing to solve a nonlinear equation to determine tr for eah
(ordered) pair. This is not as bad as it sounds, sine,
between time steps, eah value of tr would be expeted
to hange by only a small amount. So, with the previ-
ous value of tr as the starting guess, we an expet quik
onvergene in one or two steps. Thus, for pratial pur-
poses, the fore alulation would asymptotially remain
at most O(n2), though with a dierent onstant. Further
redution of omplexity by means of a uto is onsidered
below.
Memory requirements would also inrease, sine some
part of the past history of eah interating partile/site
would have to be kept in memory to avoid exessive swap-
ping and interpolation. Exatly how muh of the past
history needs to be retained in memory depends upon the
spei algorithm used to solve the FDEs, and whether
or not it permits step sizes larger than the interval of
retardation.
On the whole, it is reasonable to expet that, for most
existing MD omputer programs, the resulting inrease
in omputational omplexity an be handled with exist-
ing omputersan exeptional ase is namd2 [5℄, and
the parallel versions of amber. While the solution of
ODEs may be parallelised with reasonable eieny [25℄,
the history dependene of FDEs may be expeted, by
Amdahl's law, to pose a serious hallenge to parallel
omputing. However, Amdahl's law restrits only par-
allelised time-stepping. The fore alulation, whih is
the ompute-intensive part, an still be done in parallel.
The omplexity an be redued, as in the Coulomb
ase, by applying a long-range uto. This would redue
the memory requirements as well, though it is not so lear
in the present ontext that this is neessarily desirable.
The range of the full fore, however, is larger, espeially
if we take into aount the radiation damping. Until
now, it was impossible to take into aount the eets of
radiation damping in a many-body problem, due to vari-
ous long-standing diulties like preaeleration [15, 16℄.
However, these diulties were reently addressed in a
satisfatory way, using FDEs [26℄. Theoretially, or with
a long-term outlook, it is a signiant advantage of this
proposal that the eets of radiation damping an also
be inluded, if so desired. Inlusion of radiation damping
would, however, add to the omplexity by introduing a
new soure of stiness in the problem.
Finally, we note that FDEs have long been linked to
quantum mehanis, on the strutured-time interpreta-
tion of quantum mehanis [27℄. A more detailed exami-
nation of exatly how the FDE approah relates to quan-
tum mehanis in the ontext of MD will be onsidered
in a subsequent paper.
V. CONCLUSIONS
It is desirable to reformulate MD to use the full eletro-
dynami fore, whih is more aurate than the Coulomb
fore. This involves solving FDEs, whih is urrently
omputationally feasible. This reformulation allows an
exploration of a qualitatively riher set of ways in whih
biologial maromoleules an interat at long range, and
may help to understand the possible dynamial origin of
biologial memory.
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